A well known result of Gauss relates (iso. classes of) ideals of the ring of integers OK of a quadratic number field K, to (proper iso. classes of) binary quadratic Z-forms sharing the discriminant of K. Applying flat cohomology, we prove an effective analogue of this correspondence for forms over the ring of rational functions Fq[x] (q is odd), and express also the full classification (not only properly) in terms of Pic (OK). Another obtained result analogous to Gauss' one is that given such a form q, any form of the same discriminant composed with itself belongs to the principal genus of q.
Introduction
Let k = F q (x) be the (global) function field of rational functions over a finite field F q (q is odd), let O = F q [x] be its ring of integers, and let R be a quadratic order over O with fraction field K. Let q be a binary quadratic form defined over O (distinguished from char(k)), namely, a map q : O 2 → O represented by a symmetric matrix B q satisfying q(X, Y ) = (X, Y )B q (X, Y ) t = aX 2 + bXY + cY 2 , where a, b, c ∈ O. For brevity we write q = (a, b, c). We will underline schemes defined over Spec O, omitting the underline for their generic fibers. Any change of variables by A ∈ GL 2 (O) gives rise to an isomorphic form q ′ = q • A represented by the congruent matrix B q ′ = AB q A t . This isomorphism is called proper if det(A) = 1. If q = q • A, then A is said to be an isometry of q. The discriminant of q (up to isomorphism) is:
Given ∆ ∈ O/(F × q ) 2 , a natural and classical problem is to describe the set of equivalence classes cl 1 (∆) := {q : disc(q) = ∆} SL 2 (O).
(1.1)
When O = Z, k = Q and R is the ring of integers O K of a quadratic field K with discriminant ∆, called then a fundamental discriminant, Gauss, in his famous Disquisitiones Arithmeticae [Gau] , proved the following bijection of pointed sets:
where F :=    2 d ≡ 2, 3 (mod 4) 1 d ≡ 1 (mod 4).
where cl 1 (∆) ′ is the restriction of cl 1 (∆) to only positive definite forms when d < 0, and Pic + (O K ) stands for the narrow Picard group of O K , being equal to Pic (O K ) when K is imaginary. 1 M. M. Wood has shown in [Woo] (2011), using actions on the symmetric space of a quadratic module, that Gauss' bijection holds over an arbitrary base ring. In this paper we implement another approach, namely, the fppf cohomology over O = F q [x], to describe this bijection explicitly. This also enables us to divide the obtained classes into genera, by which we deduce another classical result for the principal genus, and achieve a classification by non-necessarily proper isomorphisms.
After formulating an analogous map over F q [x] in Section 2, and providing a geometric interpretation to the notion of positive definite in Section 3, we prove Gauss' correspondence for the subset cl 1 (α = det(B q )) of classes of such forms in Prop. 3.3. A less thinner classification, taking under consideration also improper isomorphisms:
is treated in Section 4 and is related to cl 1 (α) whence also to Pic (O K ). In Section 5 we prove the analogue to another result of Gauss, stating that the composition with itself of any quadratic binary O-form with discriminant disc(q) lies in the principal genus of q. In Section 6 an application towards elliptic curves is demonstrated.
Torsors of special orthogonal groups of norm forms
Let q be a binary quadratic form defined over O with disc(q) = 0.
Definition 1. ([Con2, §2,page 6]) The orthogonal group of q is the affine O-group of its isometries
As q may be degenerate over O, this group-scheme can fail to be O-flat, having reduction of dimension > 1 at places dividing det(B q ). We shall refer to this subtly in Section 4. But as q is non-degenerate over K in which 2 is a unit, the special orthogonal group of the generic fiber
Any O-linearly independent subset Ω = {ω 1 , ω 2 } of R gives rise to an isomorphism of O-modules:
and to a binary quadratic O-form, called a norm form: q Ω = Nr • r Ω , where Nr := Nr K/k is the induced norm. Explicitly it is given by:
where ω stands for the image of ω under the non-trivial action of Gal(K/k).
Let O Ω denote the orthogonal group of q Ω . The Weil restriction of scalars
is a 2-dimensional O-group whose generic fiber is a K-torus, This O-group admits an isomorphism 
While G m and R Ω are smooth over Spec O, the kernel N Ω need not be smooth, in that it may have a non-reduced reduction at some prime.
Proof. We apply the Miracle Flatness Theorem [Mat, Theorem 23 .1] to the map det : R Ω → G m from the sequence (2.2). Since the two schemes are smooth, hence regular and Cohen-Macaulay, it suffices to check that the geometric fibers of N Ω = ker(det) are all one-dimensional. The only thing to verify is that the map det : (R Ω ) p detp −−→ (G m ) p in the reduction of sequence (2.2) is not trivial for any prime p. But this is clear since det is surjective.
Proof. Over k, consider the map q Ω = Nr • r :
If b ∈ N Ω = ker(Nr : R Ω → G m,k ), then Nr • b = Nr and we obtain an inclusion of k-groups:
Since SO q Ω and N Ω are both one-dimensional k-tori, the inclusion is an equality. Hence SO q Ω and N Ω are O-flat closed subgroups of O q Ω with the same generic fiber SO q Ω = N Ω . Such an object is unique by Remark 2.1, so SO q Ω = N Ω .
The following correspondence is due to Giruad (see [CF, §2.2.4] ):
Proposition 2.4. Let S be a scheme and X 0 be an S-form, namely, an object of a fibered category of schemes defined over S. Let Aut X 0 be its S-group of automorphisms. Let Forms(X 0 ) be the category of S-forms that are locally isomorphic for some topology to X 0 , and let Tors(Aut X 0 ) be the category of Aut X 0 -torsors in that topology. The functor
is an equivalence of fibered categories.
We fix an O-basis Ω for the order R and shortly write N := N Ω , R := R Ω and q := q Ω . Applying flat cohomology to sequence (2.2) gives rise to the exact short sequence of abelian groups Lemma 2.5. Suppose disc(q) is square-free. Then there is a bijection of pointed-sets
Proof. Since SO q = Aut 1 (q) (proper automorphisms), by Prop. 2.4 restricted to the subcategory of proper isomorphisms, representatives in H 1 fl (O, N ) are of the form Iso 1 (q, q ′ ), where q ′ is a quadratic O-form that is properly isomorphic to q in the flat topology, namely, properly isomorphic over some finite flat extension of the local ring of integersÔ p at any prime p, whence disc(q) = disc(q ′ ).
Conversely, any binary
, assumed to be square-free, for any prime p = (π) of O v p (disc(q)) equals 0 or 1.
In the first case q ′ isÔ p -isomorphic to q (cf. Corollary to [Cas, Thm 8.3.1] ; this refers to the p = 2adic integers of Z, but holds similarly here). Otherwise, if v p (disc(q)) = 1, then the diagonalization of B q ⊗Ô p is (up to swapping the diagonal entries) of the form diag(u 1 , u 2 π) where u i=1,2 are units ofÔ p , being congruent over some finiteétale extension ofÔ p to the diagonalization of B q ′ ⊗Ô p of the same form. The representatives in both sets are taken modulo proper O-isomorphisms, and the bijection follows.
a completion of Ω to a basis of R. We get the commutative diagram:
Corollary 2.6. The following is an epimorphism of finite abelian groups:
Gauss' correspondence
Suppose K is a geometric finite extension of k, namely, K = F q (C) where C is a projective, smooth and geometrically connected curve defined over F q . Since C is smooth, any finite set S of closed points on C gives rise to a Dedekind domain of K:
where v p stands for the discrete valuation of K at a prime p.
Definition 2. (e.g., [Ger] 
Following E. Artin in [Art] , we shall say that the extension K of k is imaginary if the prime (1/x) is not decomposed into distinct places in K, and real otherwise.
Remark 3.1. Given a discriminant α(F × q ) 2 , if deg(α) is even then (1/x) is split or inert in K, whether lc(α) is a square in F q or not, respectively. When deg(α) is odd, (1/x) ramifies ( [BM, §2] ).
From now on we assume K is quadratic and imaginary over k,
Then similar to number fields, there is an isomorphism between norm forms q Ω such that O[Ω] = O K and definite binary quadratic O K -forms (cf. [Kor, Lemma 4] ).
We then denote the subset cl 1 (α) := {q is positive definite w.
Lemma 3.2. Given a definite form q with det(B q ) square free, sequence (2.3) gives rise to an 
This leads us to the analogue of Gauss' correspondence (see Section 1):
and let O K be its ring of integers. The following is an isomorphism of finite abelian groups:
for some a, b ∈ O, thus by Corollary 2.6 the map
is an epimorphism. The reduced form q L is q Ω /u for Ω = {a, b/2 − √ α} and some u ∈ K × . It is also properly isomorphic for the flat topology to q = (1, 0, −α) thus satisfying:
which implies that u = a and so that q L = (a, b, b 2 /4−α a ) as asserted.
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By the exactness of sequence (2.3), i * induces an isomorphism (recall that O × /Nr(O × K ) ∼ = {±1}):
in which the left hand quotient coincides by Lemmas 2.3 and 3.2 with cl 1 (α).
Remark 3.4. Given a quadratic form q = (a, b, c), we call q op = (a, −b, c) its opposite form. The tensor product in Pic (O K ) induces a group operation in cl 1 (q):
In particular, [q] −1 = [q op ]. Indeed, let L op be the ideal corresponding to q op . Then: . This also enables us to replace O q by O q in the definition of SO q . Moreover, under our assumption that det(B q ) = 0, the isometry requirement AB q A t = B q implies the relation det(A) 2 = 1 inside the generic fiber O q , which remains true in its completion O q . As 2 is invertible, this means that the image of det | O q is µ 2 . Altogether we may deduce the existence of the short exact sequence of flat O-groups: Proof. Let q such that disc(q) = ∆ and B q is diagonal, so sequence (4.1) splits (say, by the section mapping the non-trivial element in µ 2 to diag(1, −1) in O q ), i.e., O q is isomorphic to SO q ⋊ µ 2 .
Consequently, according to [Gil, Lemma 2.6 .3] we get: by diag(1, ±1) . Applying flat cohomology to the Kummer exact sequence related to µ 2 , together with Pic (O) = 0 shows that the pointed-set
contains two elements. If P represents the trivial one, then by Lemma 2.5 H 1 fl (O, P SO q = SO q ) ∼ = cl 1 (∆), in which any form is identified with its opposite by diag (1, −1) . The non-trivial µ 2 -torsor represented by {t 2 = γ} for some non-square unit γ, twists SO q for q = (a, 0, c) [BS, Remark 5.20] ):
whence cl(α) inherits an abelian group structure from Pic (O K ) if and only if exp(Pic (O K )) ≤ 2.
Genera and the principal genus
For an affine flat O-group G with generic fiber G, we denote by G p theÔ p -scheme obtained from G by the base change SpecÔ p → Spec O at a prime p. We consider the adelic group G(A) being the restricted product of the groups G(k p ), where k p is the completion of k at p, and its subgroup 
As G is affine, flat and of finite type, Y. Nisnevich has shown [Nis, Theorem I.3.5] that it admits an exact sequence of pointed sets
The principal genus of G is then ϕ −1 ([ξ 0 ]), i.e., the set of classes of G-torsors that are generically and locally trivial at all points of O. More generally, a genus of G is any fiber
The set of genera of G is then: G) is a disjoint union of its genera. The left exactness of sequence (5.1) reflects the fact that Cl ∞ (G) coincides with the principal genus of G. If H 1 fl (Ô p , G p ) injects into H 1 (k p , G p ) for all p, then, as in [Nis, Cor. I.3.6], the sequence (5.1) simplifies to
More precisely, there is an exact sequence of pointed sets (cf. [GP, Corollary A.8 
Let K/k be a finite Galois extension, p be a prime of k, and P be a prime of K dividing p.
Write k p and K P for the localizations of k at p and of K at P, respectively, noting that K P is independent of the choice of P, up to isomorphism. Observe that K ⊗ k k p ∼ = K r P , where r is the number of primes of K dividing p. The norm map Nr : K → k induces a map Nr : K ⊗ k k p → k p ; under the isomorphism above this corresponds to the product of the norm maps N K P /kp on the
We return to our norm torus N as in Section 2. Applying flat cohomology to the short exact sequence of flatÔ p -groups
yields the exact and functorial sequence
is the Picard group of a product of local rings and thus vanishes. We deduce an isomorphism H 1 fl (Ô p , N p ) ∼ =Ô × p /Nr(U r P ) =Ô × p /N K P /kp (U P ). Applying Galois cohomology to the short exact sequence of k p -groups
gives rise to the exact sequence of abelian groups
where the rightmost term vanishes by Hilbert's Theorem 90. Hence we may again deduce a func-
. Note that U P is compact and thus N K P /kp (U P ) is closed in k × p . Only units have norms that are units, so we obtain an embedding of groups:
Proposition 5.1. Suppose that [K : k] is prime. Let S r be the set of primes dividing ∆ K . Then there is an exact sequence of abelian groups: Hence the first map is an embedding. Since K/k has prime degree and so is necessarily abelian, at any prime p the local Artin reciprocity law implies that n p = |Gal(K P /k p )| = [k × p : N K P /kp (K × P )] = |H 1 (k p , N p )|.
Furthermore, as [K : k] is prime, any ramified place p is totally ramified, so [Ô × p : N K P /kp (U P )] = n p [Haz, Theorem 5.5 ]. Together with (5.4) this means that H 1 fl (Ô p , N p ) coincides with H 1 (k p , N p ) at ramified primes and vanishes elsewhere. Thus the set B of (5.3) consists of classes [γ] ∈ H 1 (k, N ) whose fibers vanish at unramified places. This means that B = X 1 Sr∪{∞} (k, N ), where S r is the set of ramified primes of K/k. 
Over elliptic curves
Let C be a (projective) elliptic curve defined over F q . Removing a point ∞ ∈ C(F q ) results in an affine cubic curve C af , such that O K = F q [C af ] is the ring of integers of the imaginary quadratic extension K of k (see Remark 3.1). Then one has Pic (O K ) ∼ = C(F q ) (e.g., [Bit, Example 4.8] ).
Together with Prop. 3.3 we get: cl 1 (α) ∼ = C(F q ). Explicitly, Corollary 6.1. Let C be a projective elliptic F q -curve such that ∞ = (0 : 1 : 0) ∈ C(F q ). Then
where α is separable. The following is an isomorphism of abelian groups: Example 6.2. Let C = {Y 2 Z = X 3 + XZ 2 + Z 3 } defined over F 3 . Removing ∞ = (0 : 1 : 0), we get the affine curve C af = {y 2 = x 3 + x + 1} with O K = F 3 [x, y]/(y 2 − x 3 − x − 1). Then: i C(F 3 ) affine support order L i q i 1 (1 : 0 : 1) (1, 0) 2 (x − 1, y) (x − 1, 0, 2x 2 + 2x + 1) 2 (0 : 1 : 2) (0, 2) 4 (x, y − 2) (x, 2, 2x 2 + 2) 3 (0 : 1 : 1) (0, 1) 4 (x, y − 1) (x, 1, 2x 2 + 2) 4 (0 : 1 : 0) According to Prop. 5.1 there are 2 2−1 = 2 genera, and by Prop. 5.3 [q 2 2 ] belongs to the principal genus, though not being the trivial class. Indeed: [q 2 2 ] = [q 1 ] by the group law, and as y 2 = (x − 1)(x 2 + x − 1), q 1 is isomorphic to q 4 by 1/ √ x − 1 0 0 √ x − 1 locally at any p = (x − 1), and by √ x 2 + x − 1/y 0 0 y/ √ x 2 + x − 1 at p = (x − 1).
11
Example 6.3. If C = {Y 2 Z = X 3 + XZ 2 } defined over F 5 then removing ∞ = (0 : 1 : 0), we get the affine elliptic curve C af = {y 2 = x 3 + x} with O K = F 5 [x, y]/(y 2 − x 3 − x). Then: i C(F 5 ) affine support order L i q i 1 (0 : 0 : 1) (0, 0) 2 (x, y) (x, 0, 4x 2 + 4) 2 (1 : 0 : 2) (3, 0) 2 (x − 3, y) (x − 3, 0, x 2 + 3x) 3 (1 : 0 : 3) (2, 0) 2 (x − 2, y) (x − 2, 0, x 2 + 2x) 4 (0 : 1 : 0) O 1 O K (1, 0, 4x 3 + 4x)
Here we observe no opposite forms and so cl(4x 3 + 4x) = cl 1 (4x 3 + 4x) ∼ = Pic (O K ) ∼ = Z 2 2 .
